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ABSTRACT. We consider the Camassa-Holm equation with data in the energy norm H 1(R1).
Global solutions are constructed by the small viscosity method for the frequency localized equa-
tions. The solutions are classical, unique and energy conservative. For finite band data, we show
that global solutions for CH exist, satisfy the equation pointwise in time and satisfy the energy
conservation law. We show that blow-up for higher Sobolev norms generally occurs in finite time
and it might be of power type even for data in H 3/2−.

1. Introduction and Statement of Results

In water wave theory, one usually takes asymptotical expansion in small parameter around
a simple wave given by the Euler equation. Depending on the type of approximation that
one chooses, several different models have been obtained. Probably the best known is the
Korteweg- deVries equation

ut + uux + uxxx = 0 ,

where u stands for the fluid velocity. This is probably the most studied partial differential
equation, because of the infinite number of preserved quantities and the applicability of the
inverse scattering method.

In this article, we shall address the question of global existence and uniqueness for
the Camassa-Holm equation

(CH)

∣∣∣∣ ut − utxx = 2uxuxx + uuxxx − 3uux
u(x, 0) = u0 .

(1.1)
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Camassa and Holm [3] derived (1.1) as an appropriate non-linear model for water wave
motion in shallow channels. In the same article and later in collaboration with Hyman [2],
they have studied some basic properties of the solutions (including an explicit formulas
for special solutions) and also the typical non-linear phenomenon of peakon-antipeakon
interaction. Related equations and hierarchies of equations were earlier considered by
Fuchssteiner and Focas [13], without an explicit reference to this explicit model. Theirs
was a concentrated effort to produce models for soliton interactions with biHamiltonian
structure (and thus infinite number of conserved quantities).

We also note that in the work of H.-H. Dai on thin compressible elastic rods (see
also [4]), the equation

(CHγ ) ut − utxx + 3uux = γ (2uxuxx + uuxxx)

has been proposed to model the small-amplitude (axial-radial) deformation waves. Here
u(x, t) measures the radial stretch relative to an equilibrium. It turns out that the physical
parameter γ ranges from −29.5 to 3.41.

The Camassa-Holm equation was object of intensive investigation since its appear-
ence. We will not even try to give a comprehensive overview of the known results (a
seemingly impossible task). Instead, we will only focus on results that are relevant to our
goal — the existence and uniqueness of the solutions. For the biHamiltonian structure and
the related question of symmetries we refer the interested reader to [12].

The Camassa-Holm equation enjoys infinite number of conserved quantities. Most
of them, however are nonlocal in nature, thus making them ineffective for the standard
energy estimates approach. In fact, there are only three known local preserved quantities:
Preservation of mass yields

∫
u dx = const and the Hamiltonians

I =
∫

R1

(
u2 + u2

x

)
dx = const ,

K =
∫

R1

(
u3 + uu2

x

)
dx = const .

Constantin and Strauss exploited the preservation of the two Hamiltonians (together with
the existence results in [15], or the consequent article [6]) to obtain orbital stability of
the traveling wave solutions up to the existence time. That presents one more motivation
as to why one is interested in whether the Hamiltonians I and K are preserved for H 1

solutions. For the existence theory, we start with the local well-posedness result of Li and
Olver, [15] inH 3/2+. Note that the exponent 3/2+ matches the sharp local well-posedness
result for hyperbolic equations in 1 D. Olver and Li have actually provided several blow-up
scenarios showing that the blow-up cannot be prevented by taking small data in any sense.
Concerning less smooth data, Constantin and Molinet, [6] have shown that if the data u0 is
in the Sobolev space H 1 [6] and if y0 = u0 − ∂2

xu0 is a positive Radon measure, then the
Equation (1.1) has an unique solution, which belongs to C((0,∞),H 1(R1)), satisfy the
appropriate conservation laws and u− ∂2

xu is also a positive Radon measure.
We must also mention the work of Xin and Zhang, [20, 21]. They have shown the

existence of weak solutions for general data u0 ∈ H 1, [20]. Their argument yields solutions
in a distributional sense. In [21], Xin and Zhang obtain uniqueness under certain additional
hypothesis on the weak solutions, obtained in [20]. As a result, one does not get conservation
of the H 1 energy.
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In this article, we consider an alternative approach to the existence of global weak
solutions. First, we consider the frequency localized variants, for which we prove global
existence, uniqueness and conservation of the H 1 energy. These are models motivated by
the spectral method for solving nonlinear equations in finite domains. Moreover, by the
very structure of these equations, we obtain classical solutions corresponding to a general
H 1 data. In the case of finite band initial data, we are able to then take a limit of such
solutions to obtain solutions to the standard CH equation, which are energy conservative.
Let us mention that these are solutions that satisfy the CH equation pointwise in time and
in a stronger (L2) sense in x. We are also able to show that the convergence u(t, ·) → u0
is in L2 and almost everywhere sense, although we do not pursue these issues here. Before
we state our results, we will need to give a precise definition of a solution.

Definition 1. We say that u is an solution of the Camassa-Holm equation in the time
interval [0, T ) in strong (L2) sense, if u ∈ L∞([0, T ),H 1

x (R
1)) ∩ C([0, T ), L2

x), ut ∈
L∞((0, T ), L2

x) and it satisfies u(x, 0) = u0(x)

ut + 1

2
∂x

(
u2) + 1

2
∂x

(
1 − ∂2

x

)−1(
u2
x

) + ∂x
(
1 − ∂2

x

)−1(
u2) = 0 . (1.2)

The equality in (1.2) is to be understood as L2 functions.

The precise meaning of the operators
(
1 − ∂2

x

)−1, ∂x
(
1 − ∂2

x

)−1 above as well as the
relationship between (1.2) and the Camassa-Holm equation will be explained in the sequel.
For convenience, let us denote F(u, v) = ∂x(u

2)/2 + ∂x
(
1 − ∂2

x

)−1
(v2/2 +u2), so that the

nonlinearity of (1.2) is F(u, ux).
In this work, we will be concerned with the frequency localized analogue of the

Camassa-Holm equation. We will need to define the frequency localization operator P<N .
Namely, let P<N be an operator acting by P̂<Nf (ξ) = η(2−Nξ)f̂ (ξ) for some smooth
cutoff η (see Section 2 below).

Theorem 1. The frequency localized Camassa-Holm equation∣∣∣∣ ut + P<NF(P<Nu, P<Nux) = 0
u(x, 0) = u0

has global solution in H 1, provided u0 ∈ H 1(R1). The solution is unique in the class
ut ∈ L∞

t,locL
2
x , u ∈ L∞H 1. Moreover, it satisfies the energy conservation law∫

R1

(
u2(T , ·)+ u2

x(T , ·)
)
dx =

∫ (
u2

0 + (∂xu0)
2) dx .

Our motivation for considering such models is the spectral method approach to that
problem in finite intervals. As is usual in numerical schemes, consider the CH equation
ut + F(u, ux) = 0 in a finite space interval −M ≤ x ≤ M . One then replaces the
solution u by a finite trigonometric polynomial, and one replaces the nonlinearity by a
finite trigonometric polynomial as well. These approximations are performed by applying
the Fourier projections P̃≤N on the periodic functions, that is P̃≤N(

∑
j

aj e
2∂[iijx/M) =

N∑
j=−N

aj e
2πijx/M . These frequency localized approximations have the following important

features:
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• They satisfy the energy conservation law.

• When solving on appropriate finite interval −M ≤ x ≤ M , one has a represen-
tation of the solution u as a finite (degree N ) trigonometric polynomial, whose
coefficients {an} will evolve with time and satisfy a corresponding system of or-
dinary differential equations.

• P̃≤Nu → u as N → ∞.

Unfortunately, taking limits of the solutions of Theorem 1 as N → ∞ proves out to be
hard. To the best of our knowledge, it is an open question whether global (weak) solutions
exist and preserves energy in the context of the original Equation (1.2), given arbitrary
data u0 ∈ H 1. We note that one cannot expect in general to have a global solution, which
has smoothness higher than H 1. In fact, Constantin and Escher have shown that smooth
solutions blow up if and only if lim inf t→T infx ux(x, t) = −∞ and this actually occurs
for very specific choices of (very smooth) initial data. We have the following result.

Theorem 2 (Existence for finite band data). Let the initial data u0 ∈ H 1(R1) is finite
band, that is P>Mu0 = 0 for some M . Then there exists a L2 solution u in the sense of
Definition 1. Moreover, the Hamiltonian is preserved∫

R1

u2 + (∂xu)
2 dx =

∫
R1

u2
0 + (∂xu0)

2 dx ,

and for every T > 0, limM→∞ sup0≤t≤T ‖P>Mu(t, ·)‖H 1 = 0.

Remarks.

• The solution u is obtained as an H 1 limit of some subsequence of the solutions
uN in Theorem 1.

• The set of finite band initial data is a dense set in H 1. In particular, according
to the necessary and sufficient conditions of McKean [16], wave breaking (i.e.,
lim inf t→T infx ux(x, t) = −∞ ) occurs for some finite band initial data and
finite time T . Nevertheless, according to Theorem 2 the (weak) solution can be
extended beyond T . This is in contrast with the results of Constantin and Molinet,
[6], who consider data u0 with u0 − ∂2

xu0 ∈ M(R)+ for which wave breaking
never occurs.

• The property limM→∞ ‖P>Mu(t, ·)‖H 1 = 0, is trivially satisfied for any given t .
The statement here is nontrivial because one is taking supremum over all times in
a given interval (0, T ), i.e., limM→∞ sup

0<t<T
‖P>Mu(t, ·)‖H 1 = 0.

Our next theorem shows that any norm of the solution in the scale Hs may blow up for
s > 1.

Theorem 3. Let 1 < s < 3/2. Then there exists solution of the Camassa-Holm equation
whose Hs-norm blows up in finite time. More specifically, one can find an initial data in
the space H 3/2−, for which there exists time t0 > 0 such that the corresponding solution
‖u(·, t)‖Hs blows up at time t0 and ‖u(·, t)‖Hs ≥ |t − t0|−(s−1). For the same initial data,
one has that there exists a time t0 and a < b, so that∫ t0

0

∫ b

a

|∂xu(t, x)|3 dx dt = ∞ ,
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showing that the a priori estimate for the solutions (Proposition 3.2, [20])∫ T

0

∫ b

a

|∂xu(t, x)|3−ε dx dt ≤ C(T , ε) ,

is the best possible.

2. Background Results and Notations

2.1 Some Basic Results of Phase Space Analysis

Define the Fourier transform for functions in the Schwartz class as

F(f )(ξ) = f̂ (ξ) =
∫
f (x)e−2πi〈ξ,x〉 dx .

One then can extend to L2 functions by approximating L2 functions with functions in the
Schwartz class. One also has the Fourier inversion formula

F−1(f )(x) = f̌ (x) =
∫
f̂ (ξ)e2πi〈ξ,x〉 dξ .

We will also define the frequency restriction operators

Q̂0f (ξ) = χ[−1,1](ξ)f̂ (ξ)
Q̂<Nf (ξ) = χ[−N,N ](ξ)f̂ (ξ) for N > 0 .

Define an even function η ∈ C∞
0 (R

1) so that η(ξ) = 1 for all |ξ | < 1 and suppη ⊂ (−2, 2).
Associated with η are the smooth Littlewood-Paley projection operators

P̂1f (ξ) = η(ξ)f̂ (ξ)

P̂<Nf (ξ) = η(ξ/N)f̂ (ξ) for k > 0 .

Observe that since η is even, one has P<Nf = Nη̂(N ·)∗f , where the kernel is real valued.
Note also that |∂αx Nη̂(Nx)| ≤ Cα|x|−α−1, where Cα is independent of N .

IntroduceP>k := Id −P<k andPn = P<n+1 −P<n. Next, define the inhomogeneous
Sobolev spaces Hs (for any real number s) by

‖f ‖
Hs

(
Rn

) =
 ∫

Rn

∣∣f̂ (ξ)∣∣2
< ξ >2s dξ

1/2

,

where < ξ >:= (1 + |ξ |2)1/2. Consider the Helmholtz operator
(
1 − ∂2

x

)−1 defined as the
inverse of the second order differential operator (1 − ∂2

x ). Alternatively, one defines it for
(sufficiently) smooth functions f via

F((
1 − ∂2

x

)−1
f

)
(ξ) := (

1 + 4π2|ξ |2)−1
f̂ (ξ) .

The following lemma is a variant of an endpoint Sobolev embedding result, which will be
needed in our estimates later on.
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Lemma 1. Let u, v ∈ L2(R1). Then∥∥∥∂x(1 − ∂2
x

)−1
(uv)

∥∥∥
L2(R1)

� ‖u‖2‖v‖2 .

Proof. By Plancherel’s formula and Hölder’s inequality, we have

∣∣F(
∂x

(
1 − ∂2

x

)−1
(uv)

)
(ξ)

∣∣ �< ξ >−1
∣∣∣∣∫ û(ξ − η)̂v(η) dη

∣∣∣∣ �< ξ >−1 ‖u‖2‖v‖2 .

The result follows since < ξ >−1∈ L2
ξ (R

1).

Remark. One can obviously improve the result to∥∥∥|∂x |s
(
1 − ∂2

x

)−1
(uv)

∥∥∥
L2(R1)

� ‖u‖2‖v‖2 ,

for all 0 ≤ s < 3/2, where F(|∂x |sf )(ξ) := |ξ |s f̂ (ξ). In the sequel, we shall need the
Calderón commutator estimate, which roughly states that the commutator of a Calderón-
Zygmund operator with the multiplication operator is a smoothing operator of order one,
that is its argument gains one derivative as an L2 function.

Lemma 2. Suppose T : L2(Rn) → L2(Rn) is a convolution type operator, Tf =K ∗ f ,
whose kernelK satisfies |∂αx K(x)| ≤ Cα|x|−n−α away from the origin, for every multiindex
α. Then for every Lipschitz function a, one has the following estimates for the commutator
[T ,Ma]f = T (Maf )−Ma(Tf ):

‖∂x[T ,Ma]f ‖
L2

(
Rn

) ≤ C
∥∥a′∥∥

L∞‖f ‖
L2

(
Rn

) ,
where the constant C is independent of f and a.

2.2 Camassa-Holm Equation in a Conservation Law Form

We recast (CH) using the Helmholtz operator in a form better suited for our purposes.
Indeed, an elementary computation shows that one can rewrite it (at least formally) as

ut − utxx = 2uxuxx + uuxxx − 3uux = 1

2
∂3
x

(
u2) − 1

2
∂x

(
u2
x

) − 3

2
∂x

(
u2) ,

and therefore by applying
(
1 − ∂2

x

)−1 to both sides,∣∣∣∣∣ ut + 1
2∂x

(
u2

) + 1
2∂x

(
1 − ∂2

x

)−1(
u2
x

) + ∂x
(
1 − ∂2

x

)−1(
u2

) = 0

u(x, 0) = u0(x) .
(2.1)

Note that in (2.1) one encounters at most one spatial derivative on the solution, which
will be essential in our analysis of weak solutions. In some instances, one can use the
following equivalent reformulation of (2.1). Observe that the “peakon” ϕ(x) = e−|x|/2 is
the fundamental solution of the operator (1 − ∂2

x ), i.e.,

(
1 − ∂2

x

)−1
f (x) = e−|·|/2 ∗ f = 1

2

∫
R1

e−|x−y|f (y) dy .
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One can also write the operator ∂x
(
1 − ∂2

x

)−1 as

∂x
(
1 − ∂2

x

)−1
f (x) = −1

2

∫
R1

sgn(x − y)e−|x−y|f (y) dy

and therefore (2.1) becomes

ut + 1

2

(
u2 + ϕ ∗

(
u2 + u2

x

2

))
x

= 0

as in [5].

3. Small Viscosity Approximation

In this section, we consider the “small” viscosity approximation of the Camassa-Holm
equation, namely∣∣∣∣∣ ut + 1

2∂x
(
u2

) + 1
2∂x

(
1 − ∂2

x

)−1(
u2
x

) + ∂x
(
1 − ∂2

x

)−1(
u2

) = ε∂2
xu

u(x, 0) = u0(x) .
(3.1)

We will show that for every ε > 0, (3.1) has an unique solution, which dissipates energy.

Proposition 1. For every ε > 0, the Equation (3.1) is uniquely and globally solvable
given u0 ∈ H 1(R1) and

I (t) =
∫

R1
u2 + u2

x dx ≤
∫

R1
u2

0 + (∂xu0)
2 dx .

The result relies on the classical theory for nonlinear heat equations together with the
energy conservation for the Camassa-Holm equation. Recall that for the equation∣∣∣∣ ut −
u = F(u,∇u)

u(x, 0) = u0(x)
(3.2)

there is the following classical local existence result (cf. [17], p. 316).

Lemma 3. Suppose that the nonlinearity F in (3.2) satisfies{ ‖F(u,∇u)− F(v,∇v)‖Hs ≤ MR‖u− v‖Hs+1

whenever ‖u‖Hs+1 , ‖v‖Hs+1 ≤ R
(3.3)

for some s ≥ 0. Then, there exists time T > 0 depending only on ‖u0‖Hs+1 , such that the
parabolic Equation (3.2) has an unique local solution

u ∈ C([0, T ], H s+1(Rn
)) ⋂

C1((0, T ], H s
(
Rn

))
.

Moreover, for every T > t0 > 0 one has u ∈ C∞(Rn × [t0, T )).
In fact, a close inspection of the proof shows that T = T (‖u0‖Hs ) is a decreasing

function of ‖u0‖Hs and limh→0 T (h) = ∞. In other words, “smaller” data is expected to
produce solutions with longer lifespan.



OF8 Milena Stanislavova and Atanas Stefanov

The proof of Lemma 3 relies on standard smoothing properties of the heat semigroup
et
, namely { ∥∥et
f ∥∥

Hs+1 � t−1/2‖f ‖Hs ,∥∥(
et
 − Id

)
f

∥∥
Hs � t1/2‖f ‖Hs+1 .

(3.4)

Hence, the equation ∣∣∣∣ ut − ε
u = F(u,∇u)
u(x, 0) = u0(x)

(3.5)

has a unique local solution with the prescribed smoothness properties in Lemma 3 and with
a lifespan at least Tε = Tε(‖u0‖Hs+1) ∼ εT (‖u0‖Hs+1), whenever (3.3) is satisfied.

Proof of Proposition 1. Set s = 0. We verify (3.3) for the Camassa-Holm nonlinearity

F(u, ux) = 1

2
∂x

(
u2) + 1

2
∂x

(
1 − ∂2

x

)−1(
u2
x

) + ∂x
(
1 − ∂2

x

)−1(
u2) . (3.6)

One clearly has

F(u, ux)− F(v, vx) = 1

2
∂x[(u− v)(u+ v)] + 1

2
∂x

(
1 − ∂2

x

)−1[(ux − vx)(ux + vx)]
+ ∂x

(
1 − ∂2

x

)−1[(u− v)(u+ v)] .
By Hölder’s inequality and the Sobolev embedding H 1(R1) ↪→ L∞(R1),

‖∂x[(u− v)(u+ v)]‖L2(R1) � ‖u− v‖H 1‖u+ v‖L∞ + ‖u+ v‖H 1‖u− v‖L∞

� ‖u− v‖H 1

(‖u‖H 1 + ‖v‖H 1

)
,

which shows that (3.3) holds with MR ∼ R. The term ∂x
(
1 − ∂2

x

)−1[(u − v)(u + v)] is
handled in a similar manner (it is in fact easier due to the smoothing of (1 − ∂2

x )
−1). For

the term ∂x
(
1 − ∂2

x

)−1[(ux − vx)(ux + vx)], we use Lemma 1. We have∥∥∥∂x(1 − ∂2
x

)−1[(ux − vx)(ux + vx)]
∥∥∥
L2(R1)

� ‖(ux − vx)‖L2‖(ux + vx)‖L2

� ‖u− v‖H 1

(‖u‖H 1 + ‖v‖H 1

)
.

This shows that (3.3) is satisfied and we obtain a solution of (3.1). By the smoothness of
the solution for 0 < t < Tε, we have

I (t) =
∫

R1

(
u2 + u2

x

)
dx ≤ I (0) . (3.7)

For (3.7), one checks as in the preservation of the Hamiltonian for the Camassa-Holm
equation (see Corollary 1 in the Appendix) that

I ′(t)=2
∫
(uut + uxuxt ) dx=2ε

∫
(uuxx + uxuxxx) dx=−2ε

∫ (
u2
x + u2

xx

)
dx≤ 0. (3.8)

Thus, I (t) is a decreasing function and I (t) ≤ I (0).
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We note that this step is justified due to the smoothness properties of the solution u
and cannot be performed in general for the solution of (CH) unless we have some additional
smoothness information. Based on (3.7), we can iterate our local existence result to a global
one. Indeed, take t0 = Tε/2 and observe that by the energy dissipation ‖u(·, t0)‖H 1 ≤
‖u0‖H 1 . We can run the same argument now starting from t0. The lifespan of the solution
starting at t0 is going to be at least Tε

(‖u(·, t0)‖H 1

) ≥ Tε = Tε
(‖u0‖H 1

)
and so on. By

taking small, but fixed increments in time, one produces global solution in that fashion.
Moreover, at each step, we have the dissipation law (3.7).

4. Frequency Localized (CH) Equations

In this section, we consider the following “frequency localized” version of the Cammasa-
Holm equation for fixed N :∣∣∣∣ ut + P<NF(P<Nu, P<Nux) = 0

u(x, 0) = u0
(4.1)

and the corresponding “small” viscosity equation∣∣∣∣ ut + P<NF(P<Nu, P<Nux) = εuxx

u(x, 0) = u0 .
(4.2)

We note that ‖P<N‖L2→L2 = 1 and P<N is a convolution type operator and therefore
commutes with |∂x |s and ∂x . For fixed ε > 0, one can use these properties to show (just as
in the case of Cammasa-Holm equation) that the estimates on the non-linearities of Lemma 3
are satisfied and therefore there is a smooth solution in some small interval (0, Tε), which
satisfies the equation in classical sense. Now, one can apply Q>4N on both sides of (4.2)
and since Q>(4N)P<N = 0, one finds that Q>4Nu

N
ε satisfies a linear parabolic equation

with data Q>4Nu0 and therefore

uNε = Q<4Nu
N
ε +Q>4Ne

εt∂2
x u0 . (4.3)

It is straightforward to check, that the solutions of (4.2) still enjoy the energy dissipation
property (3.8). That enables us to iterate the local result to a global one just as in the
previous section. In addition, observe that according to the energy dissipation

dI

dt
= −2ε

∫ ((
uεx

)2 + (
uεxx

)2)
dx ,

we have (after integration in time)

2ε
∫ T

0

∫ ((
uεx

)2 + (
uεxx

)2)
dx ≤ −

∫ T

0
I ′(t) dt ≤ I (0) = ‖u0‖2

H 1 . (4.4)

We show now that the viscosity limit as ε → 0 makes sense. This is the essence of
Theorem 1, whose proof we present here.

Proof of Theorem 1 (Existence). We construct the solution as a limit of the solutions
to the viscosity approximation (4.2) uε. To that end, we have to show that uε is a compact
sequence in H 1, whose limit will be shown to be a solution to (4.1).
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We make use of the Riesz criterion for compactness in H 1, (e.g., [18], p. 247).
Namely, we have to verify

sup
ε>0

∥∥uε∥∥
H 1 < ∞ (4.5)

sup
ε>0

∥∥uε(· + h)− uε(·)∥∥
H 1 → 0 as h → 0 (4.6)

sup
ε>0

∥∥uε∥∥
H 1(|x|>M) → 0 as M → ∞ . (4.7)

Clearly, supε>0 ‖uε‖H 1 ≤ ‖u0‖H 1 by energy dissipation, so (4.5) is verified. For (4.6),
observe that by Lemma 6 from the Appendix, it is enough to show that

sup
ε>0

∥∥Q>Mu
ε
∥∥
H 1 → 0 as M → ∞ . (4.8)

To verify (4.8), use the representation (4.3). Take M > 8N . We get

sup
ε>0

∥∥Q>Mu
ε
∥∥
H 1 = sup

ε>0

∥∥∥Q>Me
εt∂2

x u0

∥∥∥
H 1

≤ ‖Q>Mu0‖H 1 → 0 as M → ∞ .

For (4.7), we have the following.

Lemma 4. Let u0 ∈ H 1(R1). Define the energy of the solution uε in {x : |x| > M} by

J (t) =
∫

R1

(
u2
ε + u2

εx

)
(1 − χ(x/M)) dx ,

where χ is a smooth cutoff adapted to (−1, 1). Then

d

dt
J (t) ≤ CM−1‖u0‖3

H 1 + CεM−2‖u0‖2
H 1 . (4.9)

We will present the proof of the lemma in the Appendix. Let us indicate how to finish the
proof of (4.7) based on it. Indeed, integrating (4.9), we obtain

|J (T )| ≤ |J (0)| + CTM−1‖u0‖3
H 1 + CT εM−2‖u0‖2

H 1

for every T > 0. Fix T . For every δ > 0, we can find M1
(
T , ‖u0‖H 1

)
, so that

CTM−1‖u0‖3
H 1 + CT εM−2‖u0‖2

H 1 ≤ δ/2 and M2(T , u0) so that |J (0)| ≤ δ/2. Thus,
if M > max(M1,M2), then ‖uε‖H 1(|x|>M) ≤ δ, which is (4.7). This shows that one can
extract an H 1 convergent subsequence {uεn} from {uε}ε>0. We verify now that the limit u
solves the equation in L2 sense. First, consider the term ∂x

(
1 − ∂2

x

)−1[(uεx)2]. One has by
Lemma 1∥∥∥P<N∂x(1 − ∂2

x

)−1[(
P<Nu

εn
x

)2] − P<N∂x
(
1 − ∂2

x

)−1[(
P<Nux

)2]∥∥∥
L2

�
∥∥P<Nuεnx − P<Nux

∥∥
L2

∥∥P<Nuεnx + P<Nux
∥∥
L2 ≤ 2

∥∥uεn − u
∥∥
H 1‖u0‖H 1 ,

clearly converging to zero. Similarly, one proves ∂x
(
1−∂2

x

)−1[(uε)2] → ∂x
(
1−∂2

x

)−1[(u)2]
in L2 sense. For ∂x(uε)2, one estimates by Sobolev embedding∥∥∥∂x(uε)2 − ∂xu

2
∥∥∥
L2

≤ ∥∥uε − u
∥∥
H 1

∥∥uε + u
∥∥
L∞ �

∥∥uε − u
∥∥
H 1‖u0‖H 1 .
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This shows that for the nonlinearity of the frequency localized equation, we have shown

sup
0≤t≤T

∥∥P<NF (
P<Nu

εn, P<Nu
εn
x

) − P<NF(P<Nu, P<Nux)
∥∥
L2 → 0 . (4.10)

Next, we establish that ut ∈ L∞
t L

2
x and ut + P<NF(P<Nu, P<Nux) = 0 in L2

x sense.
Indeed, we have for the classical solutions uεn by (4.4)∥∥uεnt + P<NF

(
P<Nu

εn, P<Nu
εn
x

)∥∥
L2
xL

2(0,T ) = εn
∥∥uεnxx∥∥L2L2(0,T ) ≤ √

εn‖u0‖H 1 → 0 .

Combining the last conclusion with (4.10), we get that the sequence {uεnt } is convergent in
L2(0, T )L2

x and for the limit v : v + P<NF(P<Nu, P<Nux) = 0. By Lemma 1, it is easy
to see that ‖v(t, ·)‖L2 = ‖P<NF(P<Nu, P<Nux)‖L2 ≤ C‖u0‖2

H 1 . On the other hand, for
every smooth test function ψ with ψ(0, ·) = 0, we have

〈v,ψ〉 = lim
n

〈
u
εn
t , ψ

〉 = − lim
n

〈
uεn, ψt

〉 = − 〈u,ψt 〉 .

It follows that ut exists and ut = v ∈ L∞
t L

2
x and it satisfies (in L2 sense)

ut + P<NF(P<Nu, P<Nux) = 0 .

Uniqueness and conservation law.
Let

I (t) =
∫ (

u2 + u2
x

)
dx .

By the representation (4.3) for uNε , we find that the limit u will satisfy u = Q<4Nu +
Q>4Nu0, whence ut = Q<4Nut , since Q>4Nu0 is time independent. Thus,

I (t) =
∫ (

(Q<4Nu)
2 + (Q<4Nux)

2) dx +
∫ (

(Q>4Nu0)
2 + (∂xQ>4Nu0)

)2)
dx ,

where the second term is constant in time. Differentiation in time yields,

I ′(t) = 2
∫
(Q<4NuQ<4Nut +Q<4NuxQ<4Nutx) dx . (4.11)

This is justified, since both Q<4Nut and Q<4Nutx ∈ L2(R1). Using the equation (which
is satisfied in L2 sense) and the fact that Q2

<4N = Q<4N and Q<4NP<N = P<N , we
rewrite (4.11) as

I ′(t) = 2 〈Q<4Nu,Q<4Nut 〉 + 2 〈Q<4Nux,Q<4Nutx〉
= 2

〈
Q2
<4Nu, ut

〉
+ 2

〈
Q2
<4Nux, utx

〉
= −2

〈
Q2
<4Nu, P<NF(P<Nu, P<Nux)

〉
− 2

〈
Q2
<4Nux, ∂xP<NF(P<Nu, P<Nux)

〉
= −2

〈
P<NQ

2
<4Nu, F (P<Nu, P<Nux)

〉
− 2

〈
P<NQ

2
<4Nux, ∂xF (P<Nu, P<Nux)

〉
= −2 〈P<Nu, F (P<Nu, P<Nux)〉 − 2 〈P<Nux, ∂xF (P<Nu, P<Nux)〉 .

One now computes that I ′(t) = 0 by (7.3) from Corollary 1 in the Appendix (this is simply
the conservation law applied to P<Nu.) Therefore,∫ (

u2 + u2
x

)
dx =

∫ (
u2

0 + (∂xu0)
2)dx ,
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proving the energy conservation for the frequency localized equation.
For the uniqueness, assume that ũ and ṽ are two solutions to (4.1) with the same initial

data u0. Observe next, that the difference will satisfy∣∣∣∣∣
(
ũ− ṽ

)
t
+ P<N(F (P<Nu, P<Nux)− F(P<Nv, P<Nvx)) = 0(

ũ− ṽ
)
(x, 0) = 0 .

Note that sinceQ>4NP<N = 0, we haveQ>4N(ũ− ṽ) = 0. In particular, ũ− ṽ is a smooth
function, which belongs to L2 along with all of its derivatives. Consider the energy of the
difference equation,

D(t) =
∫ (

ũ− ṽ
)2 + (

ũx − ṽx
)2
dx .

By assumption (ũ− ṽ)t ∈ L∞
t,locL

2 and in addition (ũ− ṽ)tx = ∂xQ<4N(ũ− ṽ)t ∈ L∞
t,locL

2.
Differentiate with respect to t to get

D′(t) = 2
∫ (

ũ− ṽ
)(
ũ− ṽ

)
t
+ (
ũx − ṽx

)(
ũx − ṽx

)
t
dx .

Use the equation and introduce the functions u = P<Nũ, v = P<N ṽ. We get

D(T )−D(0) =
∫ T

0
D′(t) = −

∫ T

0

∫
(ux − vx)∂

2
x [(u− v)(u+ v)]

+ (ux − vx)∂
2
x

(
1 − ∂2

x

)−1[(ux − vx)(ux + vx)]
+ 2(ux − vx)∂

2
x

(
1 − ∂2

x

)−1[(u− v)(u+ v)] dx .
Using the fact that both u and v are Fourier supported in |ξ | ≤ 4N and D(0) = 0, we can
(very crudely) estimate

D(T ) ≤ CN2

T∫
0

‖(u− v)(t, ·)‖2
H 1

(‖u‖H 1 + ‖v‖H 1

)
dt ≤ CN2

∫ T

0
D(t) dt ,

since max
(‖u‖H 1 , ‖v‖H 1

)
< max

(‖ũ‖H 1 , ‖ṽ‖H 1

)
< ∞ by assumption. Thus, one gets

by Gronwall’s inequality

0 ≤ D(T ) ≤ D(0)eCN
2T .

We conclude D(T ) = 0 for all T > 0, since D(0) = 0 and the uniqueness follows.

5. Existence of Global Finite Energy Solutions of the
Camassa-Holm Equation

In this section, we show that the limit of solutions to the frequency localized CH equations
converge to solutions of the original equation, provided the initial data is band-limited. For
initial data u0 ∈ H 1, take the sequence of the solutions to the frequency localized CH
Equations (4.1) for n = 1, 2 . . . . This is uniformly bounded sequence inH 1, and in fact by
the energy preservation (see Theorem 1)

∥∥uN∥∥
H 1 = ‖u0‖H 1 . Thus, there is a weak (and

pointwise) limit point u. Next, we show that for some subsequenceNk:
∥∥uNk − u

∥∥
Hs → 0

for every 0 ≤ s < 1 (but not necessarily for s = 1). By the Riesz-Rellich criterion for
compactness in L2, we have to show
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• supN
∥∥uN∥∥

Hs < ∞.

• supN
∥∥uN(· + h)− uN(·)∥∥

Hs → 0 as h → 0.

• supN
∥∥uN∥∥

Hs(|x|>M) → 0 as M → ∞.

But supN
∥∥uN∥∥

Hs ≤ supN
∥∥uN∥∥

H 1 = ‖u0‖H 1 < ∞. Similarly, we have already verified
by means of Lemma 4, that

sup
N

∥∥∥uN∥∥∥
Hs(|x|>M) ≤ sup

N

∥∥∥uN∥∥∥
H 1(|x|>M) = O

(
M−1) .

It remains to show supN
∥∥uN(· + h)− uN(·)∥∥

Hs → 0. But, as we have already pointed
out in our previous discussion, it suffices to verify

sup
N

∫
|ξ |≥R

(
1 + |ξ |2s)∣∣̂uN(ξ)∣∣2

dξ → 0 as R → ∞ .

This follows from the control of the H 1 norm, since

sup
N

∫
|ξ |≥R

(
1 + |ξ |2s)∣∣̂uN(ξ)∣∣2

dξ ≤ R2(s−1) sup
N

∥∥∥uN∥∥∥2

H 1
= R2(s−1)‖u0‖2

H 1 →R 0 .

Thus, we are guaranteed a convergent subsequence in Hs (and thus in L∞ as well).
Fix time T : 0 < T < ∞. By the Riesz-Rellich compactness criteria, in order to

show that the convergence (of a subsequence) is in H 1 it remains to show that for every
δ > 0, there existsMδ , so that for allM > Mδ , sup0≤t≤T supN

∥∥P≥MuN
∥∥
H 1 ≤ δ. Assume

the contrary, that is the existence of some δ0 > 0, so that sup0≤t≤T supN
∥∥P≥MuN

∥∥
H 1 ≥

δ0 for all M . This is easily seen to imply that there exists M0, so that for all M > M0, one
has

sup
0≤t≤T

sup
N

∥∥∥P≥M/10u
N

∥∥∥
H 1

≤ 2 sup
0≤t≤T

sup
N

∥∥∥P≥(10M)u
N

∥∥∥
H 1
. (5.1)

Indeed, otherwise, one constructs an increasing sequenceMn so that supN
∥∥P≥Mnu

N
∥∥
H 1 ≥

2 supN
∥∥P≥Mn+1u

N
∥∥
H 1 , which leads to a contradiction, since

‖u0‖H 1 ≥ sup
0≤t≤T

sup
N

∥∥∥P≥M0u
N

∥∥∥
H 1

≥ 2n sup
0≤t≤T

sup
N

∥∥∥P≥Mnu
N

∥∥∥
H 1

≥ 2nδ0 → ∞ .

We will now proceed to give an estimate on the high-frequency portion of the energy, that
is, we consider

IN>M(t) =
∥∥∥P>MuN∥∥∥2

H 1
=

∫ ∣∣P>MuN ∣∣2 + ∣∣P>MuNx ∣∣2
dx .

By the equation,

∂t I
N
>M = 2

∫ (
P>Mu

NP>Mu
N
t + P>Mu

N
x P>Mu

N
tx

)
dx

= 2
∫
P>Mu

NP>MP<NF
(
P<Nu

N, P<Nu
N
x

)
dx

+ 2
∫
P>Mu

N
x P>MP<N∂xF

(
P<Nu

N, P<Nu
N
x

)
dx .
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Note that the last calculation is justified, because the formal integral representation for
∂t I

N
>M contains only smooth L2 entries (recall ut is Fourier supported in {|ξ | ≤ 2N+2}).

Conjugate by P>MP<N and call v = P<Nu
N . We obtain

∂t I
N
>M = 2

∫ (
P 2
>Mv

)
F(v, vx) dx + 2

∫ (
P 2
>Mvx

)
∂xF (v, vx) dx .

Denote P̃>M := P 2
>M . Note that P̃>M has similar properties to P>M . Write v = P̃>Mv +

P̃≤Mv =: z + w. In other words, we denote the low frequency portion of v by w and the
high-frequency portion by z. We get

∂t I
N
>M = 2

∫
zF (z, zx) dx + 2

∫
zx∂xF (z, zx) dx

+ 2
∫
z

(
1

2
∂x

(
2zw + w2) + 1

2
∂x

(
1 − ∂2

x

)−1(2zxwx + w2
x + 4zw + 2w2)) dx

+ 2
∫
zx

(
1

2
∂2
x

(
2zw + w2) + 1

2
∂2
x

(
1 − ∂2

x

)−1(2zxwx + w2
x + 4zw + 2w2)) dx .

Note that

2
∫
zF (z, zx) dx + 2

∫
zx∂xF (z, zx) dx = 0 ,

since z = P̃>MP<Nu
N is smooth.1 For the terms∫

z∂x(zw)+ z∂x
(
1 − ∂2

x

)−1
(2zxwx + 4zw)+ zx

(
1 − ∂2

x

)−1
(2zxwx + 4zw) dx

+ 2
∫
zx(−zxwx − 4zw) dx ,

we use Hölder’s inequality and Lemma 1 to estimate by C‖z‖2
H 1(‖w‖L∞ + ‖wx‖L∞) �

M1/2‖z‖2
H 1‖w‖H 1 , since the Fourier support of w ⊂ {|ξ | ≤ M}.

Next, we make the observation that the really dangerous term
∫
zxzxxw dx arises,

but is transformed into − 1
2

∫
z2
xwx dx via integration by parts.

With the last formula in mind (and for some terms the fact that
(
1−∂2

x

)−1 is bounded
on L2), all expressions appearing above that are quadratic in the z variable, are estimated
by placing z and zx in L2 and the remaining w,wx or wxx in L∞. We obtain the following
estimate for these terms: C‖z‖2

H 1(‖w‖L∞ + ‖wx‖L∞ + ‖wxx‖L∞) � M3/2‖z‖2
H 1‖w‖H 1 .

It remains to consider the terms that are linear in z and quadratic in w. These are

H = 1

2

∫
z∂x

(
w2) + z∂x

(
1 − ∂2

x

)−1(
w2
x + 2w2) dx

+ 1

2

∫
zx∂

2
x

(
w2) + zx∂

2
x

(
1 − ∂2

x

)−1(
w2
x + 2w2) dx .

1This is an identity satisfied for all smooth functions, regardless of whether they are solutions to CH or
not.
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Since the Fourier support of z is inside {|ξ | > M/2}, it follows from the Plancherel’s
formula that∫

z∂x(Q≤M/4w)2 + z∂x
(
1 − ∂2

x

)−1
(Q≤M/4wx)2 + 2(Q≤M/4w)2

)
dx

+
∫
zx∂

2
x (Q≤M/4w)2 + zx∂

2
x

(
1 − ∂2

x

)−1
(Q≤M/4wx)2 + 2(Q≤M/4w)2

)
dx = 0 .

Thus, one can rewrite H as

2H =
∫
z∂x

(
2Q>M/4wQ≤M/4w + (Q>M/4w)

2) dx
+

∫
z∂x

(
1 − ∂2

x

)−1(2Q>M/4wxQ≤M/4wx + (Q>M/4wx)
2) dx

+
∫
z
(
4Q>M/4wQ≤M/4w + 2(Q>M/4w)

2) dx
+

∫
zx∂

2
x

(
2Q>M/4wQ≤M/4w + (Q>M/4w)

2) dx
+

∫
zx∂

2
x

(
1 − ∂2

x

)−1(2Q>M/4wxQ≤M/4wx + (Q>M/4wx)
2) dx

+ 2
∫
zx∂

2
x

(
1 − ∂2

x

)−1(2Q>M/4wQ≤M/4w + (Q>M/4w)
2) dx .

Observe that each term above contains a z or zx and additionally either Q>M/4w or
Q>M/4wx or Q>M/4wxx . As always, we estimate via the Hölder’s inequality by plac-
ing the terms like z, zx and Q>M/4w,Q>M/4wx , and Q>M/4wxx in L2 and the remain-
ing term in L∞. Note that for some terms, we need to estimate

∥∥Q<M/4wx
∥∥
L∞ �∫

|ξ |≤M/4 |ŵx(ξ) dξ | � M1/2‖ŵx‖L2 ∼ M1/2‖w‖H 1 . We get

H ≤ CM3/2‖z‖H 1

∥∥Q>M/4w
∥∥
H 1‖w‖H 1 .

By (5.1), one concludes that∥∥Q>M/4w
∥∥
H 1 =

∥∥∥Q>M/4P̃≤MP≤NuN
∥∥∥
H 1

≤
∥∥∥Q>M/4u

N
∥∥∥
H 1

≤ 2
√
IN>M .

Also, ‖z‖H 1 = ‖P̃>MP≤NuN‖H 1 ≤ ‖P̃>MuN‖H 1 ≤
√
IN>M .

Collecting all the estimate for ∂t IN>M yields

∂t I
N
>M(t) ≤ CM3/2‖u0‖H 1I

N
>M(t) ,

or after integration in (0, T )

IN>M(T )− IN>M(0) ≤ CM3/2‖u0‖H 1

T∫
0

IN>M(t) dt . (5.2)

Choose now M large enough so that IN>M(0) = ∫ |P>Mu0|2 + |P>M∂xu0|2 dx = 0. This
is possible from the fact that u0 is finite band. But IN>M(t) is a smooth function of time,
it vanishes at t = 0 and satisfies (5.2). By Gronwall’s inequality, IN>M(t) = 0 for all
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0 ≤ t ≤ T in contradiction with sup0≤t≤T supN
∥∥P≥MuN

∥∥
H 1 ≥ δ0. Hence, we have

shown the uniform (in N ) vanishing of the Fourier transform and this by the Riesz-Relich
criteria guarantees the existence of a subsequence of uN converging to u in H 1. Clearly,
u satisfies the CH equation in L2 sense and preserves the H 1 energy for all time, since
‖u(t, ·)‖H 1 = limk

∥∥uNk (t, ·)∥∥
H 1 = ‖u0‖H 1 .

6. Blowing-Up of Solutions

In this section we will show that there are solutions of the Camassa-Holm equation (the
“multipeakon” solutions), whose Hs-norms blow-up in finite time for any s > 1 even
though the initial data is in the spaceH 3/2−ε. In this sense the global existence result from
Section 1 is sharp, meaning that one can not obtain unconditional global well posedness in
Hs, s > 1. The example that we give uses the peakon-antipeakon interaction, studied in [2]
and subsequently by [1]. The multipeakon solution, constructed by Camassa and Holm has
the form

u(x, t) = 1

2

n∑
j=1

mj(t) exp(−2|x − xj (t)|)

and represents n interacting traveling waves. Here xj are the positions and mj are the
momenta.

Proof of Theorem 3. We will use the explicit formulas in [1], Section 7. For the
derivative ux(x, t) of the multipeakon solution u on certain interval (xk, xk+1) it is shown
in [1] that ux(x, t) = α

t−t0 + O(1) as t → t0 with a constant α > 0. The length of this

interval is xk+1 − xk = α0(t − t0)
2 +O((t − t0)

3) for some constant α0 > 0. Thus,

‖ux‖Lp ≥
 xk+1∫
xk

(ux)
p dx

1/p

≥ C

(t − t0)(p−2)/p

for some constant C > 0. The Sobolev embedding theorem then implies that ‖u‖H 1+ε ≥
‖ux‖Lp for ε = p−2

p
. Thus, ‖u‖H 1+ε ≥ C

(t−t0)ε . We also see that

t0∫
0

xk+1∫
xk

|ux |p �
t0∫

0

1

|t − t0|p−2
dt ,

which is divergent if p ≥ 3.

7. Appendix

7.1 Decay of the Localized Energy

The purpose of this section is to study the decay of the energy functional J (t). We will
in fact prove a much more general lemma than Lemma 4 for solutions of the viscosity
approximations (3.1) and (4.2). We note that the lemma remains true for the actual solutions
of the Camassa-Holm equation (that is for ε = 0), as long as they are smooth enough to
justify the manipulations below (say C2).
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Lemma 5. Let u be the unique smooth solution to either (3.1), or (4.2). Define the energy
functionals

J (t) :=
∫ (

u2 + u2
x

)
(1 − χ(x/M)) dx

and

S(t) :=
∫ (

u2 + u2
x

)
χ(x/M) dx

where 0 ≤ χ ≤ 1 is a smooth cutoff function adapted to (−1, 1). Then∣∣J ′(t)
∣∣ ≤ CM−1‖u0‖3

H 1 + CM−2ε‖u0‖2
H 1 , (7.1)∣∣S′(t)

∣∣ ≤ CM−1‖u0‖3
H 1 + CM−2ε‖u0‖2

H 1 (7.2)

for some absolute constant C.

As a corollary, take M → ∞ to recover the energy conservation law for smooth
solutions of (1.2).

Corollary 1. Let u be a C2 smooth solution of (1.2) up to time T . Then∫
uut + uxutx dx = 0 .

In particular, the energy

I (t) =
∫ (

u2 + u2
x

)
dx

is conserved up to time T . For the frequency localized version, if u is a solution of (3.1),
then ∫

P<NuP<Nut + P<NuxP<Nutx dx = 0 (7.3)

and in particular I (t) is preserved.

Proof of Lemma 5. We first work in the case of (3.1) and then we indicate how to
modify the proof, to accommodate solutions of the frequency localized version (4.2). Next,
we only consider the energy functional J (which is the only thing needed in the preceding
sections), the proof for S is similar. Since u is known to be smooth and satisfies (3.1)
classically, we differentiate J (t) and use the equation. We get

J ′(t) = 2
∫
(uut + uxuxt )(1 − χ(x/M)) dx = −

∫
u∂x

(
u2)(1 − χ(x/M)) dx

−
∫
u∂x

(
1 − ∂2

x

)−1(
u2
x

)
(1 − χ(x/M)) dx − 2

∫
u∂x

(
1 − ∂2

x

)−1(
u2))(1 − χ(x/M))

−
∫
ux∂

2
x

(
u2)(1 − χ(x/M)) dx −

∫
ux∂

2
x

(
1 − ∂2

x

)−1(
u2
x

)
(1 − χ(x/M)) dx

− 2
∫
ux∂

2
x

(
1 − ∂2

x

)−1(
u2))(1 − χ(x/M)) dx + ε

∫
u∂2
xu(1 − χ(x/M)) dx

+ ε

∫
ux∂

3
xu(1 − χ(x/M)) dx .
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Each term is handled separately by integration by parts, or by using the identity ∂2
x

(
1 −

∂2
x

)−1 = − Id +(
1 − ∂2

x

)−1 or both. Note that the boundary terms disappear by the decay
properties of the solution. We have

−
∫
u∂x

(
u2)(1 − χ(x/M)) dx = − 2

3M

∫
u3χ ′(x/M) dx ,

−
∫
u∂x

(
1 − ∂2

x

)−1(
u2
x

)
(1 − χ(x/M)) dx =

∫
ux

(
1 − ∂2

x

)−1(
u2
x

)
(1 − χ(x/M)) dx

− 1

M

∫
u
(
1 − ∂2

x

)−1(
u2
x

)
χ ′(x/M) dx ,

− 2
∫
u∂x

(
1 − ∂2

x

)−1(
u2))(1 − χ(x/M)) dx=2

∫
ux

(
1 − ∂2

x

)−1(
u2))(1 − χ(x/M)) dx

− 2

M

∫
u
(
1 − ∂2

x

)−1(
u2)χ ′(x/M) dx ,

−
∫
ux∂

2
x

(
u2)(1 − χ(x/M)) dx = −

∫
u3
x(1 − χ(x/M)) dx

− 1

M

∫
u2
xuχ

′(x/M) dx ,

−
∫
ux∂

2
x

(
1 − ∂2

x

)−1(
u2
x

)
(1 − χ(x/M)) dx =

∫
u3
x(1 − χ(x/M)) dx

−
∫
ux

(
1 − ∂2

x

)−1(
u2
x

)
(1 − χ(x/M)) dx ,

− 2
∫
ux∂

2
x

(
1 − ∂2

x

)−1(
u2))(1 − χ(x/M)) dx = 2

3M

∫
u3χ ′(x/M) dx

− 2
∫
ux

(
1 − ∂2

x

)−1(
u2)(1 − χ(x/M)) dx .

Finally, the two extra terms coming from the small viscosity approximation are

ε

∫
u∂2
xu(1 − χ(x/M)) dx = −ε

∫
u2
x(1 − χ(x/M)) dx − ε

2M2

∫
u2χ ′′(x/M) dx

ε

∫
ux∂

3
xu(1 − χ(x/M)) dx = −ε

∫
u2
xx(1 − χ(x/M)) dx − ε

2M2

∫
u2
xχ

′′(x/M) dx .

Putting all the terms together yields

J ′(t) = − 1

M

∫
u2
xuχ

′(x/M) dx − 1

M

∫
u
(
1 − ∂2

x

)−1(
u2
x

)
χ ′(x/M) dx

− 2

M

∫
u
(
1 − ∂2

x

)−1(
u2)χ ′(x/M) dx

− ε

∫ (
u2
x + u2

xx

)
(1 − χ(x/M)) dx − ε

2M2

∫ (
u2 + u2

x

)
χ ′′(x/M) dx .

Estimating each term by Hölder’s inequality and by means of Lemma 1 yields
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∣∣∣∣∫ u2
xuχ

′(x/M) dx
∣∣∣∣ ≤ C‖ux‖2

L2‖u‖L∞ ≤ C‖u‖3
H 1∣∣∣∣∫ u

(
1 − ∂2

x

)−1(
u2
x

)
dx

∣∣∣∣ ≤ C‖u‖L2‖ux‖2
L2 ≤ C‖u‖3

H 1

− ε

∫ (
u2
x + u2

xx

)
(1 − χ(x/M)) dx ≤ 0∣∣∣∣∫ (

u2 + u2
x

)
χ ′′(x/M) dx

∣∣∣∣ ≤ C‖u‖2
H 1 ,

which implies the lemma for the case of (3.1). Let us now focus on the solutions of the
frequency localized version (4.2). Compute J ′(t) as in the case of (3.1). We get

J ′(t) = − 2
∫
uP<NF(P<Nu, P<Nux)(1 − χ(x/M)) dx

− 2
∫
ux∂xP<NF(P<Nu, P<Nux)(1 − χ(x/M)) dx ,

where F is the nonlinearity of the Camassa-Holm equation. Conjugating P<N yields

J ′(t) = − 2
∫
F(P<Nu, P<Nux)P<N(u(1 − χ(x/M))) dx

− 2
∫
∂xP<NF(P<Nu, P<Nux)P<N(ux(1 − χ(x/M))) dx

= − 2
∫
(P<Nu)F (P<Nu, P<Nux)(1 − χ(x/M)) dx

− 2
∫
(P<Nux)∂xP<NF(P<Nu, P<Nux)(1 − χ(x/M)) dx

− 2
∫
F(P<Nu, P<Nux)[P<N, (1 − χ(x/M))]u dx

− 2
∫
∂xP<NF(P<Nu, P<Nux)[P<N, (1 − χ(x/M))]ux dx .

The first two terms in the expression above are controlled in exactly the same way as in the
case of (3.1). Indeed, one only need to replace u by P<Nu in that argument to achieve the
same results. The estimates in the end are in terms of ‖P<Nu‖H 1 , which is clearly bounded
by ‖u‖H 1 . The remaining two terms can be considered as error terms. Note first that P<N
is well-defined Calderón-Zygmund operator with Calderón-Zygmund bounds independent
of N . Taking into account the form of F , we get∣∣∣∣∫ F(P<Nu, P<Nux)[P<N, (1 − χ(x/M))]u dx

∣∣∣∣
=

∣∣∣∣∫ (
(P<Nu)

2/2 + (
1 − ∂2

x

)−1
(P<Nux)

2/2 + (
1 − ∂2

x

)−1
(P<Nu)

2)
× ∂x[P<N, (1 − χ(x/M))]u dx

∣∣∣∣
≤

∥∥∥(P<Nu)2/2 + (
1 − ∂2

x

)−1
(P<Nux)

2/2 + (
1 − ∂2

x

)−1
(P<Nu)

2
∥∥∥
L2

× ‖∂x[P<N, (1 − χ(x/M))]u‖L2 ≤ CM−1
∥∥χ ′∥∥

L∞‖u‖2
H 1‖u‖L2 ,
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where in the last inequality, we have used Lemma 1, the Sobolev embedding and Lemma 2.
Similarly, we estimate∣∣∣∣∫ ∂xF (P<Nu, P<Nux)[P<N, (1 − χ(x/M))]ux dx

∣∣∣∣
=

∣∣∣∣∫ (
∂x(P<Nu)

2/2 + ∂x
(
1 − ∂2

x

)−1
(P<Nux)

2/2 + ∂x
(
1 − ∂2

x

)−1
(P<Nu)

2)
× ∂x[P<N, (1 − χ(x/M))]ux dx

∣∣∣∣
≤

∥∥∥∂x(P<Nu)2/2 + ∂x
(
1 − ∂2

x

)−1
(P<Nux)

2/2 + ∂x
(
1 − ∂2

x

)−1
(P<Nu)

2
∥∥∥
L2

× ‖∂x[P<N, (1 − χ(x/M))]ux‖L2 ≤ CM−1
∥∥χ ′∥∥

L∞‖u‖2
H 1‖ux‖L2 ,

by the same arguments. Lastly, by the energy dissipation for the equation, we have that
‖u‖H 1 ≤ ‖u0‖H 1 and Lemma 5 follows.

7.2 Uniform Vanishing of the Fourier Transform Implies
Equicontinuity

In this section, we show that for a sequence of uniformly bounded functions, uniform vanish-
ing of the Fourier transforms (in L2,2s) implies (and in fact is equivalent) to equicontinuity.

Lemma 6. Let s ≥ 0 and {un} be sequence of functions in Hs with

• sup
n

‖un‖Hs ≤ C < ∞

• sup
n

∫
|ξ |>M

|ûn(ξ)|2 < ξ >2s dξ → 0 as M → ∞.

Then
sup
n

‖un(· + h)− un(·)‖Hs → 0 as h → 0 .

Proof. Take ε > 0 and select M = M(ε) so that

sup
n

∫
|ξ |>M

∣∣ûn(ξ)∣∣2|ξ |2s dξ ≤ ε2 .

Choose δ = ε/(MC). For every |h| ≤ δ, we have by the Plancherel’s theorem

sup
n

‖un(· + h)− un(·)‖2
Hs ≤

∫ ∣∣e2πihξ − 1
∣∣2∣∣ûn(ξ)∣∣2

< ξ >2s dξ

�
∫

|ξ |>M
∣∣ûn(ξ)∣∣2

< ξ >2s dξ + h2
∫

|ξ |<M
|ξ |2∣∣ûn(ξ)∣∣2

< ξ >2s dξ

� ε2 + h2M2 sup
n

‖un‖Hs ≤ 2ε2 .
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