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Abstract

We consider the dispersion managed nonlinear Schrédinger equation (DMNLS) in the case of
zero residual dispersion. Using dispersive properties of the equation and estimates in Bourgain
spaces we show that the ground state solutions of DMNLS are smooth. The existence of smooth
solutions in this case matches the well-known smoothness of the solutions in the case of nonzero
residual dispersion. In the casec R2 we prove that the corresponding minimization problem
with zero residual dispersion has no solution.
© 2004 Elsevier Inc. All rights reserved.
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1. Introduction and main result

Our work is motivated by the study of parametrically excited NLS with periodically
varying dispersion coefficient

ity + D(uyy + CO)|ul’u =0,
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which arises as an envelope equation in the problem of an electromagnetic wave propa-
gating in an optical waveguide. The balance between the dispersion and the nonlinearity
in this equation is the key factor that determines the existence of stable pulses. In the
last decade, a technique that uses fibers with alternating sections having opposite dis-
persion was introduced. This technology, called dispersion management, proved to be
incredibly successful in producing stable, soliton-like pulses. The idea is to use rapidly
varying dispersion with approximately zero mean and small nonlinearity in hope that
the balance between the small residual dispersion and the small nonlinearity will pro-
duce a soliton-like solutions. There have been an enormous amount of technological
advances in this direction with an array of numerical and phenomenological explana-
tions and a recent theoretical understanding of the strong stability properties of the
dispersion managed (DM) systems. The envelope equation that describes the propa-
gation of electromagnetic pulses in optical fibers in the regime of strong dispersion
management, derived by Gabitov and Turitsyn in 18] is a nonlinear Schrodinger
equation with periodically varying coefficients. After rescaling the equation takes the
form

iy +d @)y + e(ul?u + owyy) =0, @)

wheret is the propagation distancg,is the retarded time and(z) is the mean-zero
component of the dispersion, sg&']. Note that the average dispersion and nonlinearity
are small compared to the local dispersion, which is a characteristic feature of the strong
dispersion management. Performing Van der Pol transformatioh) iand averaging in

the Hamiltonian we obtain the averaged variational principle

+00 1 1
(H) = g/ / (oc|vx|2 — 5|T(t)v|4> dx dt 2)
—o0 JO

with the corresponding Euler-Lagrange equation (averaged)[1sée
iv; + g0y +6(Q) (v, v,v) =0, (©)

where
1
(0)(v1, v, v) = /0 (v, va, v3, 1) d1.
Here T'(¢) is the fundamental solution ot + d(#)u,, = 0 and

Qv1,v2,v3,1) = T~ HO)(T (1T (H)v2T (H)v3).

In [17] the existence of ground state solution for the averaged equations is proved, as
well as an averaging result, which guarantees the existence of nearly periodic stable
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pulses, see alspl]. The ground state of the averaged equation exists as a solution of
the constrained minimization problem

+0oo

P; = inf {E(v) = (H)(v),v € Hl,/

|v|2dx:i}. (4)

—00

This result is for the case of positive average dispersioand using bootstrapping
procedure it is shown that the minimizer is smooth in this case. The variational problem
in the case of zero-average dispersion is more subtle due to the absence of a priori
bounds in spaces different froi?. In this case the functional is formally the singular
perturbation limita. — 0 of (4), see[11,17] In [10] the corresponding minimization
problem

+00
P, = inf {(/)(u), ue LZ,/ lul®dx = ,1}, (5)
—00
where p(u) = — [y [*° |e”5—§u(x)|4dx dt has been studied. By"“f we denote the

semigroup generated by the free Schrédinger equation in one dimensianj.e) =
. A2
(€% ug)(x) solves

iu; +uxy =0, u(0, x) = ug(x).

Exploring the dispersive properties of the Schrédinger evolution and using Lion’s con-
centration compactness ih?, the existence of a minimizet € L? N L>® has been
derived.

In the current paper, we follow the same idea a$li@], but make use of Bourgain
spacesX, , to simplify the proof and show that the existing minimiagris smooth.
More precisely, we prove the following theorem.

Theorem 1. The minimization probleni5) has a solutionu € C>° N L2.
It is interesting to study the two-dimensional casec R?, which is physically
relevant sincex is the coordinate of the sections orthogonal to the fiber aiglthe

distance along the fiber. In this case the corresponding model is the variable coefficients
nonlinear Schoédinger equation in two-space dimensions

iug +d(t)Au + c(t)|u)?u = 0. (6)

The results in[17] transfer to the two-dimensional case. There exists a solution for
everya, A > 0 of the corresponding variational problem

. 11
mln{oc/ |Vu|2dx——/ / \U@ul*dx dt ueHl,/ |u|2dx=/1}. (7)
R2 2Jo Jm? R2
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More recently Kunze in[12] has shown that again in the case of nonzero residual
dispersion the functional

1 1
o)== | (Vul?+ u)®dx — U@ u|*dxdt, ueH, (8)
2 Jr? 0 JR?

where U()up = ¢'"®ug is the evolution operator of the free Schrédinger equation
admits a sequenocg: ;) C H® of critical points such that ; are radially symmetric and
lujlgr — oo as j — oo. Herea # 0 is taken equal to 1 without loss of generality
and the constrainul|/;2 = 1 is included in the functional. 1f10] the author posed
the problem about the existence of a constrained minimizer for the functional

1
(p(u)z—/ / \U@u|*dxdt, uelL? (9)
o JR?

in the two-dimensional case € R?. In the next theorem we give negative answer to
this question.

Theorem 2. In R? a solution of the constrained minimization problem

1
P=inf{q)(u)=—/ /2|U(r)u|4dxdz, uel? ||u||L2=1}
0 JR

does not exist

Note that the questions above are related with the question of existence of a maxi-
mizer and an exact constant in the Strichartz inequality

||”||L1)(Rn+l) <S||f||L2(Rn), p=2+4/n,

wheneveru(z, x) is a solution of the equationd;u = Au with initial datau(0, x) =
f(x). In this case the integral ihis over the infinite interval0, co). It has been shown
by Kunze[13] that maximizing function exists in the cage= 1, p = 6. Recently, in
[5] Foschi was able to explicitly construct maximizers when the expopéstan even
integer. In the cases of interest for us= 1 and 2, the exact constants are given as
well as the form of the smooth maximizing functions. Note that we show that for the
casen = 2 with integration int over the finite interval0, 1) the maximizer does not
exist.

Another case of interest is to consider a one-dimensional NLS with quintic nonlin-
earity

i + ey + Jultu =0,
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which arises if the electromagnetic field is so strong that higher order nonlinearity
can not be neglected. If we introduce dispersion management with rapidly varying
dispersion the corresponding model is given by

iuy +d(Duxx + |ul*u = 0.
In [17] the authors follow the averaging procedure to produce the equation

iv; + avyey +b0Os(v, v, v,v,v) =0,

where Qs(v1, v2, v3, va, v5, 1) = T L) (T ()vaT (t)v2T (1)vaT (t)vaT ()vs) with the
averaged Hamiltonian

1 p+oo 5 1 6
(H) =/ / <o<|vx| — 2T (t)v] ) dx dt.
0 J—o0 2

A solution v € H! of the constrained minimization problem

+00
P; = inf {E(v) = (H)(v),v € Hl,/ lv2dx = ,1}

when o # 0 was found in[17]. We prove the following:

Theorem 3. In R! a solution for the constrained minimization problem
1 poo +00
P:inf{go(u):—/ / IT(u|®dx dt, ue L? f |u|2dx=1}
0 J—o0 —00
does not exist

2. Proof of Theorem 1

Introduce the Bourgain spaces , [2,3] as the set of all functiona with
f A, Dt — €A dE dr < oo,

where (¢) := (1+ [£19Y2 and (t — [¢%) := 1+ |t — [E2HY? and (¢, 1) is the
time—space Fourier transform. We also introduce the spgceas

Xipi= {u : [ lG(E D%t + 1P (EZ dédr < oo}_
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Note thatX; , spaces are Hilbert spaces with norm
lully,, = / A, )G — (2P dé dr
and that|lul|x, » = SURex- fuvdxdt Thusv € X b if and only if v € X, ;. We

include the following well- known lemma for convenience next.

Lemma 4. Let y € CP(RY), suppy C (—1,1). Then
. A2
@ |veuo)  <Chlluollys;
s.b

@) Nl ps < Cellullx, 5 .,

Proof. To prove (1), compute the Fourier transform of the left-hand side
. A2 ~
Fp)e" o) (z, &) = iz — €70 (S).
Thus

Hlﬁ(t) itd;
ey

X.s,b

S/Ilﬂ(r—lélz)lzlub(é)lz — €22 déda.

Then (1) follows from [ [f/(z — |[2)|2(t — |E]2)% dTt< Cp.
For part (2) sincellull 2 < li|| ;2,2 we have
X ks

2
2 e < /(/mu, £>|dr) (&% dé
d
/(/m(r Ot —1E1%) 1+2€d7:> (/ W) (&% dé

< Cellulk . g

s,1/24¢

We will need to use the following lemma5, p. 21]on the smoothing effect of the
Duhamel operator on the spadg ;, see alsq14].

Lemma 5. Let yy be a smooth characteristic function of the interyall, 1]. Then for
anye >0

H‘P(s) / Sy dr
0

S F |l x5 -1/2+2¢ .
X5.1/2+e
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Next, we introduce the Littlewood—Paley decomposition. lgete Cg"(Rl) and
@& =11if | <1 andp(é) =0 if |¢] > 2. Define the functiony({) = ¢ ({) — (20).
Then

o)+ Y@t =1

k=1
for every{ € R, { # 0. Define the Littlewood—Paley operators as
Pf (O =v@*0F©
and

Pof () = o F O ~ 11190 f ).

Note that P £ ({) # 0 only if 2¢-1< ¢ <2k+1,
Let Py_5. k15 be the operator

i=5
Pr—5< <k+5 = Z Piyi.

i=—5
For simplicity we will denoteu; = Pru and uy_s5- j+5 = Pi—5<. <x+54 from now
on.

We will use the following main theorem, the proof of which will be given in the next

section. In this theorem and in what follows2-norms will refer to spatial.?2-norms
unless specifically stated otherwise.

Theorem 6. For everyl > 0
1P Q) @)l 2SC Y2213, + s <i15113,)

with C independent of | and smadl> 0.

Remark. The estimate in Theorer® can be improved to

1P(Q) @) 2 SC @721y o 2 lull?5 + llui—s<.<i451132).

We will postpone the proof of this theorem and discuss the minimization problem
instead. We want to minimize

1 ptoo 5
o) = —/ / le!" P u(x)|* dx dt
0 J—oo
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subject toflu|;2 = A. But if we choosev(x) = %3 then [lu(x)||;2 = 1 and @(u) =

o(v/7v) = 22p(v) we see that it is enough to consider the minimization problem
Pr=inf{ow) :u e L? |ul;2=1}.

By Ekeland’s principle, we can choose the minimizing sequeln¢g in such a way
that

P + (0)W™) — 0 in L2
Thus we have the following problem:

Jul2 =1,

p@™) —  inf 1<P(M),

m p—
lum |, 2=

g" =P +{(0)wu™) — 0. (10)

Definition 7. Fix 6 > 0 and {«} with |lu™]| ;> =1. We say thal is an exceptional
frequency for{u™} if ||u) 5_ _, 5| ,»>0 for all m

Proposition 8. There exist finitely many exceptional frequencigso there exists a
finite set A of frequencies and a subsequence such that whehever there exists
m = m(l) such that||u;”_5<.<l+5||L2<5 for all m>=m(0).

Proof. It is clear by the definition that the number of exceptional frequencies cannot

10 .
exceed—. To construct the sef and the corresponding subsequence, take all the

exceptional frequencies fdu™} and call that seA. If [ ¢ A there exists an infinite
subsequencéu™+} such that|u;"s_ _, 5[ ,. < d. To this subsequence apply the same
procedure for the next’ ¢ A, etc. In the end, take the diagonal subsequence which
will satisfy the condition. [J

Consider now the sell \ A of frequencies. We have that for evetye N\ A and
everym > m(l)
Pului o = N2 < [P = 8"l 2 = [ PGQY @™ ] 2
< 27O L 4 Clufs s 2

5
< C2-1(1/2-10¢) | C? Z ”u;n—i ”L2
i=—5
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Dividing through byP; and renaming the constants gives us

5
i 2 = cllg | o< €272 L co? [ B uiti]
i=—5

Recall now that| g/ |, — 0 and that by the result dfL0], we haveu]" — u; in L2.
Taking limit in m in the last inequality yields

5
lugll 2 < €271 2719 L €82 | N upll e

i=—

for everyl ¢ A. Taking sufficiently big constanC will ensure that these inequality
will remain true for/ € A, since that set is of finite cardinality.
Let a; = |lus|l 2. In terms ofg; the last estimate reads

a<C271V271%) L 05200 54 - 4 arys),

We have the following lemma.

Lemma 9. Let ¢ > 0. Then there exists a constany = kp(o), so that whenever
0 < k < Ko, the sequence; € 1?2 and 0 < a; <C27'% + k(aj_5 + - - - + a;45), for all
positive integers,lone has

ax <Ce o1+ IHar}ll2)27%

for all £ > 0.

We include the proof of the lemma in the appendix. Assuming its validity, we get by
choosing an appropriate small> 0 such that]|u;||;> < C2~/®/2-1%) For sufficiently
smalle we have the estimatgu; ;> <C27!/3. According to the Remark after Theorem
6 we have

lurlle = 1PI(Q) )|l 2 < C27/32713 4 c 27133 < c272 /3,

This gives alreadyu € H%3~ and shows that by iteration one can prove that the
solutionu is actually smooth, i.ex € C*.

Interestingly, to prove tha&” — u in L2, Kunze has shown that the only possible
case is when the sequenfig"} is tight. Using our arguments, we are in fact showing
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something more, namely

N 2 2 1 1
/|¢>R'”'"@' SID D 7] ) DL e S

1:2' >R 1:2 > R

which implies the tightness dfii”}.

3. Proof of Theorem 6

In this section, we will give the proof of Theoreé To do this, we need to introduce
a dyadic decomposition in the “variable’— |¢|?, i.e.

i(t, &) =Y W@ (x— [EPN(r. &) + 2t — |EP)ace, &)

j=0
and denote
Mu(, &) = Y@/ (v — €PN, &) = ul
and
Mou(, &) = (2t — 12z, &) = uP.
Then
o 1/2
luell o ~ (Z 22""||H/<u>||iz)
j=0
for b > 3.

Next, we estimate the norm of the projectiéh of the quantity
1
(Q)(u) =/ T ) (T ()uT (uT ()u) dt
0

in the Sobolev spacé/®. Take a smooth cutoff functiop(g) adapted to the interval
(0,1) (following an idea of Kunze). Then

! —itd? | i1d% (2 itd?
P / e % ("% ul%e" xu) dt
0

q . 2 . A2 . A2
—1\0
/ el(q t)CXP1(|e’mXu|2e’mXu)dt
0

1PQY @) = ‘

H.Y

< sup
0<¢<1

H.S
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q .2 ) Py
S qu(q)\/\ e!(q I)Lx P[(|e”('«*u|26m'«*u) dt
0

L H

q . ~2 A2 A2
< H<p<q> / e @=0% py(1e" %y 2¢Ok ) di
0

X.v,l/2+£

Lemmab implies that

ite? 2 itd°
IPQ)Y @2 < | P’ P ul?e ruy

x0.—1/2+2¢ "

Thus we need to estimate in the spat®—1/2+2¢ and we will use different estimates
in the case when all the frequencies are almost the same (harder) and in the case when
the frequencies are different. We do this according to the following lemma.

Lemma 10. Let O < ¢ be a sufficiently small numbde < 1/20 will do). Let u, v, w
be sufficiently smootktes) functions Then

If any two frequencies do not matdthat is max(i, j, k, 1) — min(i, j, k,1) > 5), we
have

> | Pr(uivjwi) | o122
max(i, j,k,[)—min(i, j,k,[)>5

<271Q278) 1y | yougjzre 0] yos2ee | w || o172 -

In the casewhen all frequencies are almost the saffagej, k ~ [),

Z Pr(uivjwy)

(i,7,k): max,j,k,l)—min(i, j,k,[) <5 X0.-1/2+2¢

SH”FSg ~<l+5”xo,1/2+g 0175<~<Z+SHX0,1/2+S

X ” W]-5<.<I+5 ” X0.1/2+e-

In both casesthe sum is over all nontrivial frequenciethat is min(i, j, k, 1) >0.

We postpone the proof of LemmiED for the appendix in order to finish the proof
of Theorem6.

't?2 2 '[?2
IP(QY @2 < | P’ P e vuy

X0.-1/2+2¢
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5 102
Denoteir = ¢'"%u and use Lemmdo0 to get

| Pucii?a)

Z H Py it ;)i

max(i, j,k,[)—min(i, j,k,[)>5

N

X0,-1/2+2¢ X0.—1/2+2¢

+ Z Py (i i)

max(i, j.k,l)—min(, j.k,[) <5 X0.—~1/2+2¢

A

—1(1/2—¢) |~ 13 ~ 3
27 s)||u||Xo,1/2+s + ”u175<~<l+5” Xx0.1/2+¢

A

27102y 3, 4 ||uz—5<-<l+5||i2’

which is Theorem6. In the last inequality, we have used Lemmhsand 10.
Note that in the sums above m@axj, k) >1 — 2 and hence we have the improved
estimate

1P(Q) @) 2SC @721y o) 2 lull, + llui—s<.<i451132).

4. Two-dimensional dispersion managed nonlinear Schrédinger equation
(DMNLS)

In this section, we will give the short proof of Theoren First, denote

T 1/4
1<T,<p>:</ / |e”%|“dxdr)
0 JR?

and C(T) = SUH\q)an:lI(Ts ®). We will show thatC(1) is not achieved, which is
equivalent to the statement of Theoré&n
The Strichartz estimate

. 00 ‘ 1/4
||e”A<o||L4=</0 /Rz|e”Aq)|4dxdt> <cllol2

for some constant > 0 gives that
C(c0) < oo.

It is clear also thatC(T) is an increasing function of and C(7T) < C(400). Next, we
will show that

lim C(T) = C(c0).
T—+o0
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Indeed, there exists for eaeh> 0 a functiong € L2, loll;2 = 1 such thatl (oo, @) >
C(00) — €. For thatp there existsly = To(¢) such that for allT > To we have

T 1/4
c(T) > </ f e Ap|* dx dt)
0 JR?

00 ‘ 1/4
> </ / |e”Aq>|4dxdt) —&>C(c0) — 2¢.
o Jr?

Thus limy_ oo C(T) = C(c0).
Lemma 11. For everyT > 0 we have thatC(T) = C(1).

Proof. The functionall (T, ¢) scales as follows:
I(T, ) = I(L,VTo(T.)).
Thus

C(T)= sup I(T,p)= sup I(ANToKT)) = sup I(1y)=C)
ol 2=1 ol 2=1 Il 2=1

since [z = llol,z2=1. O

Suppose now that there exists functipnsuch that

1 1/4
11, ¢) = </0 /ﬂ%z e A |* dx dt) =C().

Then

Oo .
CHo0) > (00, p) = /0 /R 1" gl dx di

1 00
/0 /Rz |e”Aq)|4dxdt+/l /RZ le!"Ap|* dx dt

oo
- c4(1)+/ /2|6”A(p|4dxdt.
1 R

WV

Thus [[° [p2le™@l*dxdt = 0 and [g2 e |*dx = 0 for almost everyt. There
exists 7o such that for every balB(0, R) € R? Js0.0) lei®Ap|*dx = 0. Then by
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Holder we have that for alR > 0

‘ _ 1/2 1/2
/ 0 p|2dx < (/ |e”°A(p|4dx> (/ dx) = 0.
B(O,R) B(O,R) B(O,R)

Thus [z [€02¢|2dx = [p2 |p|?>dx = 0, which is a contradiction withj¢l|,> = 1.

5. One-dimensional quintic DMNLS

We will prove Theorem3 here. As before, denote

T poo 1/6
I(T, p) = (/ / le'1% |8 dx dt)
0 —00

andC(T) = sup I(T, ¢).
lloll,2=1
C(00) < 0

is given again by the Strichartz estimate in one dimension,

2 L LR 6 e
"% @l 6 = (/0 / le'% q|° dx dt) <cllollzz.
—00

We have thatC(T) is an increasing function of with

lim C(T) = C(c0).
T—+o0

Using the same argument with different scaling
I(T, ) = (L TY*p(T))

we can show thaC(T) = C(1) for every T > 0. Now if we assume that there exists
function ¢ such that

1 poo 5 1/6
11, ) = (f f le'"% |® dx dl) =C(D),
0 J—o0

we will get a contradiction with|¢||;2 =1 as above.
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Appendix

The proof of Lemma9 is rather standard and should be available in some form
in the literature, but since the author is unaware of such reference, we include it for
completeness.

Proof of Lemma 9. For convenience let; = 0 for all / <0. For fixed positive integer
k, sum both sides ii>k to get

1/2 1/2

dy == Z|a1|2 <C 270 4 Ck Z la;|? <Ce27% 4 Crdy_s.
1>k 1>k-5

This is a well-defined sequence, singg} € /2. lterate the inequality above to get
dp < Co27% 4+ Cr(Cr2~ %99 4 Crdj_5) < - -

o0
< Cy (Z(szf’“)f) 27k 4 (Cr)*/® maxdo, . .., ds).
s=0

The sum ins is estimated by(1— Cx2%)~1, providedCx2% < Cxo2°? <1, which we
require. We also require tha€k)Y/> < (Cko)'/®><27°. Finally, observe thad) < |/{a}|2.
It follows that

lar) <dk < Cope(X+ Hal)27%. O
Next, we will show Lemmalo.

Proof of Lemma 10. For the proof of Lemmal0, we rely on the following bilin-
ear estimates of Tao. Namely, in the case of one spatial dimension, it is proved in
Proposition 11.1 if16] that

[y i), (v)) |2
1 2 . . .
<L1/ min(Lo, 2/11)1/2
~ 2max(, j)/2

[Ty @ 2| T, wp |2 B 1i=j123 (11)

and

|0 i, 0)) | 2 SEY 2L | Ty | o | T, 0p o i li—jl <3 O(12)
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Let us show how I1) and @2) imply Lemma10.
Observe first that

luivj || 2 < lluill xoarzee |0 | yo.1/2+e- (13)

Indeed, this follows by decomposing = > IT;,(u;) v; =Y I,(v;) and applying
(12) and @2):

Juivil e < X @YYy 2| T @) 2
Li1,Ly>1,dyadic
1/2 1/2
< | S @woe e 3 (LM | L, 2
L1>1 Lx>1

A

SNl xoas2+e ” Uj HX0,1/2+5-

Note also that sincéuvl|;2 = [luv] 2 we have that]u;v; |2 <lluill 2|v;] -
According to our previous remarks, the normX%? can be realized by pairing with
a function in the dual spack®~". Thus, we are led to consider the four-linear forms

M, v, w, 2) = ) [ witjwzaxa

max(i, j,k,[)—min(, j,k,[)>5

and

Mo(u, v, w,2) = > /Mil_Jj'LUkZ[ dxdt.
(i, j,k): maxt, j,k.))—minGi, j,k,1) <5

ConsiderM; first. Take additional decompositions, according to the operdigrs\We
have

Mi(u,v,w,z) = Z Z

L1,L2,L3,La>1max(, j,k,l)—min(,j,k,[)>5

< / 4, ) Iy (5) T 1 (wo) I, Gr) dx di.

By the condition ma, j, k,!) — min(i, j, k,l) > 5, we conclude that for at least
one of integerdi, j, k) (sayi), we have|i — /| >3. Applying Cauchy—Schwartz,10)
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and (3), yields
M, v, w. )l S D [y @)Ly 2]|v) | ousere lwkll xoyze
L1,L4>1

omax(i.l)/2 “I_[Ll(”i)”L2 ”HL4(Z1)”L2

A

Ly1,L4>1
x ” vj ” x0.1/2+¢ lwy ||X0.1/2+£

Min(La, 21+1)1/2
Z W||HL4(ZI)||L2||”1'||x0<1/2+s

A

Uj ||X0,l/2+a
Ls>1

X||wi |l x0.1/2+ .

But, splitting the sum inL4>2/*" and L4 < 2/* gives the estimate

> min(La, 24 Y2 M1, | 252%™ |21l xoas2-2:

L422/+i
whereas
; [+i\1/2 6 il 1/2-3
7 min(La, 242 M@, S 22D N LY G
L4<21+’- L4<21+"
< 28emax@h - X0.1/2-2¢.

Put everything together to get

IMy(u, v, w, 2)| <27 Y27 | yo.1/21e

Vj || yorszee lwill xoaszre 1z [l xo1r2-2:,

sincel < max(, [).
Equivalently,

H Ujvjwi H x0.~1/2+2¢ ,62_[(1/2_68) llui |l xo.1/24¢ ” vj H x0.1/2+¢ lwi Il xo0.1/2+¢

as claimed.
For M», we use Cauchy—Schwartz antP), to estimate

\Ma(u, v, w,2)| S |ur—s<.<i4svi-5<. <145 2| wi—s<. <iv52-5<. <115 ;2

S Y WM Hpyus<.<ivs| (L)Y T awios<. <145 2

(L)Y M v-s5<.<ivs] 2 (L)Y T Lz 5< <145 2
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It is easy to see that

Z (L1)1/2|\HL1M175<~<1+5H r2S|ui-s< <45 yoszre
Li1>1

and similarly forv, w. Finally, sincee is sufficiently small, we have

Z (L4)l/4HHL42175< <145 2 S|zi-s < <145 yo12-2:
Ls>1

Altogether,

|M2(u, v, w, )| S |ui—s<. <i45]| youzee || Vi-5<. <145 yorszse |wi-s<. <145 yoi/2re

X |z-s<. <i+5| yor/2-2-

In terms of the norms, we have

Z Ujvjwg

(i, j.k): max, j.k,hy—min(i, j,k,[) <5 X0,~1/2+2¢
5 ” Up-5<. <l+5HXo,1/2+g H V-5 <l+5HXo.1/2+a ” W;-5<-<I+5 ” X0.1/2+¢

as claimed.
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